Introduction
The radiation Q (Q r ) of an antenna is defined to be the antenna Q when the only loss is radiated power. It is well known that electrically small antennas have large radiation Q. Large Q r results in narrow bandwidth, reduced efficiency due to losses in tuning elements and high near fields, as well as high voltages and currents that limit the amount of radiated power. For each of these considerations it is important to minimize Q r of an ESA.
There are fundamental limits on the radiation Q of an ESA that depend upon the size and shape of the volume containing the antenna. Considerable effort has been expended over the years in an attempt to understand and quantify these limits [1, 2] . Much of these efforts involved determining the minimum Q r that can be achieved by an antenna contained in a spherical volume with no energy stored inside [3, 4] . For this case, exact analytic formulas for the minimum possible radiation Q can be obtained when the sphere is electrically small. Unfortunately, the assumption of no energy stored within the sphere is not realistic and the resulting bound is well below the results for practical antennas. Some recent efforts have been directed towards including energy stored within the sphere [5, 6] . Figure 1 gives curves comparing results from various formulas for the spherical case, including exact formulas developed by McLean and Grimes [3, 4] and results by Hansen and Collin that include internal energy [6] .
Approach
The analysis for the sphere has been extended to a spheroid in an attempt to understand the effect of shape as described by the aspect ratio. The approach used was to expand the fields in spheroidal modes and integrate the stored energy and radiated power following McLean. Analytic solutions are not possible for this case but numerical results have been obtained [7, 8] . For the spherical case, the minimum Q r results when only the lowest order (dipole) mode is present. For the spheroidal case the minimum Q r requires the sum of the first two modes.
Results for the electrically small case are given in Figure 2 for Q r of the lowest order mode and the minimum Q r for the two mode sum, normalized to the minimum Q r for a sphere with the same height. For aspect ratios well away from 1 the minimum Q r of the two mode sum is orders of magnitude lower than that for the lowest order mode alone. When the aspect ratio is near 1, a sphere, the two curves converge and the lowest order mode gives the minimum Q r . Figure 2 shows two separate analytic fits to the minimum Q r curve, one for oblate (b/a < 1) and the other for prolate (b/a > 1). The fit for oblate is given by equation 1 with the coefficients in Table 1 , where (ar) is the aspect ratio (b/a). Equation 2 is the fit for prolate (b/a > 1) with the coefficients in Table 2 . These equations can be used to determine the minimum Q r /Q sph for a spheroidal shape over wide range of aspect ratios. For both formulas the normalization factor is (1/kb) 3 , where b is the radius of a sphere the same height as the spheroid.
Application to Cylinder
The formulas have been used to develop a bound for a cylinder for a range of cylinder aspect ratios and the results shown in Figure 3 "lower bound". Figure 3 also has curves for various antennas that fit within the cylinder. These curves give a direct comparison of antennas having the same height and footprint. The results shown were calculated for an antenna height of 0.3 meters or 0.01λ at 10 MHz and are all normalized to the minimum Q r for a sphere of the same height. The general shape of the curves for practical antennas is similar to the bound for the cylinder, although starting to diverge for small aspect ratios. Over much of the range, Q r for the practical antennas is 2 -3 times the cylinder bound. There are two reasons for this, first the analysis does not include internal stored energy and second the spheroid used to obtain the bound is larger than the cylinder. 
